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Detailed experimental studies are performed on the mirroring effect for 255-MeV electrons channeled 
through a 0.74-μm-thick Si crystal at the injector linac of the SAGA-LS facility. For the planar channeling 
alignment, deﬂection of the beam by 0.45 mrad is observed with 29% eﬃciency. The effect is explained 
by computer simulations as a sequence of trajectories of planar-channeled relativistic electrons in an 
attractive one-dimensional periodic potential of crystallographic planes. Possible applications as a beam 
splitter are proposed.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
A modern trend in the physics of the interactions of charged 
(nonrelativistic or relativistic) particles with crystals is to ex-
plore beam manipulation techniques using bent crystals and un-
bent ultrathin crystals known as half-wavelength crystals (HWCs). 
Since the ﬁrst prediction of beam deﬂection using a bent crystal 
[1], studies have been performed at many large accelerators (see 
Ref. [2] and references therein), and this is now becoming a ma-
ture technique. Additional work has been conducted at CERN to 
achieve beam collimation [3–5].
These studies have been mainly carried out using positively 
charged particles. Recently, these techniques have proven useful 
for relativistic electrons at MAMI at 855 MeV [6], and at SLAC at 
3.35 and 6.3 GeV [7]. These experiments showed a large deﬂec-
tion angle for the channeling orientation and a smaller one for the 
volume-reﬂection orientation.
Another technique employs a crystal having a thickness equal 
to a half wavelength of the planar channeling oscillation. In this 
case, the beam is deﬂected as if it is mirror-reﬂected by the crystal 
planes, as predicted in 1995 [8]. The mirroring effect for 2-MeV 
protons channeled in a half-wavelength Si crystal was demon-
strated for the ﬁrst time by the Ferrara group [9]. In 2014, exper-
imental studies were conducted at ultrarelativistic energies using 
400-GeV protons at CERN [10].
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SCOAP3.Does a mirroring effect occur when negatively charged parti-
cles (namely electrons) are channeled through an ultrathin crystal? 
For sub-GeV electrons, the required length of a HWC is small, due 
to the increase in the Lindhard critical angle. However, compared 
to multi-GeV electrons, the deﬂection angle for sub-GeV electrons 
should be much greater, if a mirroring effect exists.
Planar channeling of 255-MeV electrons in a 20-μm-thick Si 
crystal [11] has recently been investigated at the linac of the SAGA 
Light Source (SAGA-LS). The angular distribution of the transmitted 
electrons was accurately measured and good agreement with sim-
ulations was found. In those experiments, the crystal thickness was 
much greater than optimal for mirroring and so these angular dis-
tributions were termed “scattering at planar alignment” (SPA) [11].
In 2014, the SPA effect was studied using 255-MeV electrons 
channeled in a 1-μm-thick Si crystal [12]. Although the results 
were suggestive of a mirroring effect, the crystal thickness re-
mained slightly greater than the optimum HWC thickness for mir-
roring.
In the present Letter, using a thinner 0.74-μm-thick crystal of 
Si, the existence of a mirroring effect for sub-GeV electrons is con-
ﬁrmed for the ﬁrst time in a HWC.
2. Experiment
Fig. 1 is a schematic of the setup. The details are described 
in Ref. [11]. A 255-MeV (corresponding to a Lorentz factor γ of 
500) electron beam is provided by a linac at SAGA-LS, a Japanese 
synchrotron radiation facility [13]. The repetition rate of the beam 
acceleration is 1 Hz, and the average beam current is 7 nA. The  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
454 Y. Takabayashi et al. / Physics Letters B 751 (2015) 453–457Fig. 1. Experimental setup (top panel). The lower panel shows the orientation of the (220) and (111) planes.horizontal and vertical beam sizes at the target are σx ≈ 0.3 mm
and σy ≈ 0.9 mm, respectively, where σ denotes one standard de-
viation. The horizontal and vertical angular spreads of the incident 
beam are σ ′x ≈ 0.1 mrad and σ ′y ≈ 0.1 mrad, respectively.
A 0.74-μm-thick Si crystal serves as the target. The crystal thick-
ness has been selected based on simulations of the mirroring of 
255-MeV electrons in an ultrathin crystal [12]. The 〈001〉 crystal-
lographic axis is normal to the crystal surface. The Si crystal is in-
stalled on a two-axis goniometer in a vacuum chamber so that the 
(220) plane is aligned with the vertical plane. The proﬁles of the 
electron beam transmitted through the crystal are measured us-
ing a screen monitor, consisting of a 100-μm-thick alumina screen 
and a CCD camera. The distance from the crystal to the screen is 
D = 5.12 m.
Beam proﬁles are observed under both (220) and (111) planar 
channeling conditions. As shown in Fig. 1, the (220) and (111) 
planes make an angle of 35.3◦ , and so the crystal is rotated by 
35.3◦ from the normal incidence condition to observe (111) planar 
channeling. Accordingly, the effective crystal thickness is calculated 
to be 0.74/ cos(35.3◦) = 0.91 μm for the (111) channeling experi-
ment.
The Lindhard critical angle is
θc =
√
2U0
E
, (1)
where U0 is the maximal potential energy of an electron in the 
ﬁeld of the crystallographic plane, and E is the beam energy. Fig. 2
plots the calculated planar potential, using the method of calcula-
tion described below. The critical angles for (220) and (111) planar 
channeling are summarized in Table 1. Under the present experi-
mental conditions, most of the incident electrons undergo planar 
channeling for the following reasons: (i) the initial angular spread 
of the beam is smaller than the critical angle; (ii) the dechanneling 
process is negligible because the crystal thickness is smaller than 
the dechanneling length, which is estimated to be 30 μm in this 
energy region [14]; and (iii) the multiple scattering angle of the 
incident electron is smaller than the critical angle.
The multiple scattering angle is calculated from the formula 
[15]
θMS = 13.6 (MeV)
βcp
√
L
X0
[
1+ 0.038 ln
(
L
X0
)]
, (2)
where c is the speed of light, p is the momentum of the incident 
electrons, β = v/c where v is the speed of the incident electrons, 
L is the target thickness, and X0 is the radiation length. For Si, 
X0 = 9.37 cm [15]. The results are summarized in Table 2. For 
crystals on the order of 1 μm in thickness, the multiple scattering 
angle is small compared to the critical angle.
When the planar potential is close to harmonic (as is the case 
for positively charged particles), the wavelength of the channeling 
oscillation becomesFig. 2. Potential energy of an electron in the electric ﬁeld of a Si crystal plane ori-
ented along (a) the (220) direction, and (b) the (111) direction.
Table 1
Values of U0, interplanar distances, critical angles, and half oscillation wavelengths 
of channeled 255-MeV electrons.
U0 (eV) dp (Å) θc (deg.) λ/2 (μm)
(220) 21.2 1.92 0.0234 0.74
(111) 25.6 3.14 0.0257 1.10
Table 2
Angles of multiple scattering.
Thickness (μm) θMS (deg.)
0.74 0.0048
0.91 0.0053
1 0.0056
20 0.030
λ = π dp
θc
, (3)
where dp is the interplanar distance. If the crystal thickness is a 
half wavelength, the sample is referred to as a HWC, as listed in 
Table 1. The optimum crystal thickness to operate as a mirror is 
estimated from simulations [12] and found to be close to half of 
the wavelength calculated using Eq. (3).
3. Experimental results and simulation
Two-dimensional (2D) beam proﬁles (where x is horizontal and 
y is vertical) for θ = 0◦ , 0.014◦ ≈ θc/2, and 0.028◦ ≈ θc for (111) 
planar channeling are shown in Figs. 3(a)–(c). The angle θ = 0◦
corresponds to (111) planar alignment. The horizontal proﬁles in 
Figs. 3(d)–(f) are obtained by projecting the 2D beam proﬁles onto 
the horizontal plane. These ﬁgures show that one part of the beam 
is deﬂected into the declined direction of the (111) plane, while 
another part of the beam exits the crystal almost undeﬂected.
Y. Takabayashi et al. / Physics Letters B 751 (2015) 453–457 455Fig. 3. Two-dimensional beam proﬁles for (a) 0◦ , (b) 0.014◦ , and (c) 0.028◦ . Horizontal beam proﬁles for (d) 0◦ , (e) 0.014◦ , and (f) 0.028◦ in a (111) planar channeling 
experiment, where the solid curves are the experimental results and the dotted curves are those for the simulations. In panel (e), the dashed black curve is a Gaussian 
function for the mirroring component.
Table 3
Comparison between experimental data using bent crystals at MAMI [6] and SLAC [7].
Energy Plane Crystal thickness Deﬂection angle Deﬂection eﬃciency
SAGA-LS 255 MeV e− Unbent Si(111) 0.91 μm 0.45 mrad 29%
255 MeV e− Unbent Si(220) 0.74 μm 0.41 mrad 22%
MAMI 855 MeV e− Bent Si(111) 30.5 μm 0.91 mrad 20%
SLAC 3.35 GeV e− Bent Si(111) 60 μm 0.40 mrad 22%
6.3 GeV e− Bent Si(111) 60 μm 0.40 mrad 22%Near θ = θc/2, the beam is effectively deﬂected, as predicted 
theoretically [8] and as previously seen in experimental studies for 
positively charged ions [9,10]. For simplicity, a Gaussian function 
was used to estimate the deﬂection eﬃciency for mirroring:
Imirror(x) = I0√
2π
exp
[
− (x− xpeak)
2
2σ 2
]
(4)
with
xpeak = 2θ · D, (5)
where xpeak is the peak position of the mirroring component, 
D is the distance from the crystal to the screen (namely D =
5.12 m), and I0 and σ are ﬁtting parameters. The dashed line 
in Fig. 3(e) plots the Gaussian function restricted to the region 
x ≥ xpeak. The deﬂection eﬃciency is estimated to be 29% using 
ε = ∫ Imirror(x)dx/ ∫ I(x)dx where I(x) is the total beam intensity. 
In a similar manner, the deﬂection eﬃciency for (220) is found to 
be 22%. The deﬂection angles and eﬃciencies are summarized in 
Table 3.Simulations of the electron trajectories are carried out using 
the code “Basic Channeling with Mathematica” BCM-1.0 [16]. This 
code computes numerical solutions of the classical equations for 
relativistic particles using the Doyle–Turner potential for the crys-
tallographic planes [17]. The potential energy of an electron in the 
electric ﬁeld of the Si crystal planes is graphed in Fig. 2. A se-
ries of trajectories for 255-MeV electrons in a 0.91-μm Si crystal 
channeled along the (111) plane is depicted in Fig. 4. Because 
the potential for planar-channeled electrons is not harmonic, the 
electron trajectories are not characterized by a single oscillation 
wavelength λ as they are for planar-channeled protons. Instead, 
for planar-channeled electrons the oscillation period depends on 
the point and angle of incidence, as shown in Fig. 4.
To simulate the spatial distribution of electrons inside the crys-
tal, the procedure described in Ref. [18] is used. Two thousand 
trajectories are calculated for different entry points within one pe-
riod of the planar channeling potential. The calculated coordinates 
and angles of exit of these electrons are then used to simulate the 
2D beam proﬁles. In Figs. 3(d)–(f), the dotted curves are the simu-
lated results, which are in good agreement with the experimental 
results shown as the solid curves. The slight differences are proba-
456 Y. Takabayashi et al. / Physics Letters B 751 (2015) 453–457bly due to experimental errors in the estimation of the initial beam 
size and angular spread.
For 2-MeV protons channeled in a HWC, the beam splits into 
a mirror-reﬂected component and a volume-reﬂected component 
[9]. This splitting arises when the planar potential experienced by 
positively charged particles is nearly harmonic. However, for elec-
trons, the splitting of the beam is not so obvious because the 
planar potential is anharmonic, as plotted in Fig. 2. In this case, 
Fig. 4. Simulated trajectories of 255-MeV electrons in a 0.91-μm Si crystal. (a) Dif-
ferent entry points when the angle of incidence between the electron momenta 
and the (111) plane is equal to θc/2. (b) For each point of entry, 20 values of the 
incident angle θ are generated randomly with a normal distribution. The standard 
deviation of the distribution matches the experimental value of 0.1 mrad. The total 
number of calculated trajectories is 2000, although only 100 trajectories are shown.the wavelength of the channeling oscillation varies with the trans-
verse electron energy, as Fig. 4 indicates.
Figs. 5 and 6 show the beam intensity distributions as func-
tions of the crystal rotation angle θ and of the beam deﬂection 
angle θdef = x/D . The range −θc ≤ θ ≤ θc is indicated by the verti-
cal lines. The experimental results are in good agreement with the 
simulations.
Each graph can be divided into three regions. Region (i) corre-
sponds to electrons channeled in the plane, lying along the line 
θdef = 2θ , i.e., these electrons can be regarded as being mirror-
reﬂected by the plane. Electrons in region (ii) are in the range 
of angles less than the critical angle. These electrons are slightly 
deﬂected into the direction opposite to the channeling direction, 
similar to the volume-reﬂection process [19]. Such a phenomenon 
has also been observed for 2-MeV protons [9] and for 400-GeV 
protons [10]. Finally, region (iii) represents unchanneled electrons 
(i.e., over-barrier electrons) whose deﬂection angles slightly os-
cillate with θ due to the planar potential. Such an oscillation is 
observed in simulations for 400-GeV protons [10].
As can be seen in Figs. 5 and 6, the mirroring effect is more 
pronounced for the (111) than for the (220) plane because the crit-
ical angle for (111) is larger than that for (220), and also because 
the potential shape for (111) is closer to harmonic than is that for 
(220).
Fig. 7(a) shows a comparison between the horizontal proﬁle for 
the 0.91-μm-thick crystal (this work) and that for a 1.2-μm-thick 
crystal obtained in Ref. [12] when θ = 0.014◦ with respect to the 
(111) plane. For the 1.2-μm-thick crystal, the proﬁle was compli-
cated because the crystal thickness was slightly larger than the op-Fig. 5. Beam intensity as a function of the beam deﬂection angle and of the crystal rotation angle θ relative to the (111) plane for (a) experiments and (b) simulations.
Fig. 6. Beam intensity as a function of the beam deﬂection angle and of the crystal rotation angle θ relative to the (220) plane for (a) experiments and (b) simulations.
Y. Takabayashi et al. / Physics Letters B 751 (2015) 453–457 457Fig. 7. (a) Comparison of horizontal proﬁles for 0.91- and 1.2-μm-thick Si crystals. θ = 0.014◦ with respect to the (111) plane. The data for the 0.91-μm-thick crystal is the 
same as in Fig. 3(e). (b) Simulated trajectories of electrons. The initial conditions are the same as in Fig. 4(a), but the simulation range is extended from 0.91 to 1.2 μm. (For 
interpretation of the references to color in this ﬁgure, the reader is referred to the web version of this article.)timum thickness for acting as a mirror [12]. As the simulations also 
showed, the mirror-reﬂected component is larger for the 0.91-μm-
thick crystal. Typical electron trajectories are shown in Fig. 7(b). It 
can be clearly seen that some electrons change the sign of their 
perpendicular momentum (in the X-direction) for crystal thick-
nesses of about 0.8–0.9 μm (these trajectories are depicted by red 
solid lines). Due to this speciﬁc motion of HWC channeled elec-
trons, the mirror effect occurs. For a greater thickness of 1.2 μm, 
the electrons undergo an additional quarter oscillation in the trans-
verse direction and the mirror effect is suppressed. This is the 
reason for the appearance of additional maxima in the horizontal 
proﬁles and the complicated structure of the intensity distribution. 
Thus, it is very important to carefully choose the crystal thickness 
in order to ensure eﬃcient mirroring for negatively charged parti-
cles, although Eq. (3) may give an approximate value.
Table 3 compares the experimental data from electron beam 
deﬂection experiments involving bent crystal channeling at MAMI 
[6] and SLAC [7]. The deﬂection angle for mirroring is comparable 
to that for planar channeling in bent crystals because the critical 
angle increases at lower energies. This result suggests that mirror-
ing in an ultrathin crystal could be an effective method for beam 
deﬂection in that energy region, since multiple scattering is sup-
pressed and a complex crystal bender is not required.
4. Conclusions
A mirroring effect for 255-MeV electrons that are planar chan-
neled in an ultrathin crystal has been observed at SAGA-LS. In the 
planar channeling orientation, a deﬂection of part of the electron 
beam by 0.45 mrad was observed with 29% eﬃciency. Unlike posi-
tively charged particles, the number of electrons deﬂected through 
angles smaller than 2θ (mirror reﬂection angle) is not negligible, 
because the planar potential experienced by negatively charged 
particles is not harmonic.
These results provide the ﬁrst quantitative look at the channel-
ing and mirroring of a sub-GeV electron beam in ultrathin crystals 
(HWCs). Such mirroring has potential applications to the splitting 
and deﬂection of sub-GeV electron beams. The results agree with 
simulations based on classical relativistic channeling theory and a 
realistic planar channeling potential.
Together with earlier work [11,18,20] this research contributes 
to the channeling theory for sub-GeV electrons. A reduction in the 
crystal thickness from 20 μm to 1 μm and ﬁnally to 0.74 μm gives 
rise to a transformation of the angular distribution of 255-MeV 
electrons inside a planar and axially aligned crystal, namely from 
Doughnut Scattering [18,20] and Scattering at Planar Alignment 
[11] to mirroring.The mirroring effect could be used as a beam splitter. Such 
splitting cannot be carried out by magnets, because the entire 
beam is deﬂected in that case. One possible application is “slow 
beam extraction” from a ring, as discussed for bent crystals in 
Ref. [2] and references therein. Another example would be to split 
an electron beam from a linac dedicated to an X-ray free electron 
laser (XFEL). Usually, the beam from an XFEL linac is switched and 
delivered to multiple undulator lines using a pulsed magnet. An 
ultrathin crystal could be used in place of the pulsed magnet. This 
technique is simpler and would enable XFELs at several different 
beamlines, opening up new experimental possibilities.
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